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Abstract. We consider the Wheelor-DeWitt equation Hi/" = in 
a suitable Hilbert space. It turns out that this equation has count- 
ably many solutions ipi which can be considered as eigenfunctions of a 
Hamilton operator implicitly defined by H. We consider two models, a 
bounded one, < r < ro, and an unbounded, < r < cxd, which repre- 
sent different eigenvalue problems. In the bounded model we look for 
eigenvalues Ai , where the Ai are the values of the cosmological constant 
which wo used in the Einstein-Hilbert functional, and in the unbounded 

_ TI-l 

model the eigenvalues are given by (—Ai) " , where Ai < 0. Notice 
that r is the symbol for the scale factor, usually denoted by a, or a 
power of it. 

The Ipi form a basis of the underlying Hilbert space. We prove 
furthermore that the implicitly defined Hamilton operator is sclfadjoint 
and that the solutions of the corresponding Schrodinger equation satisfy 
the Wheeler-DeWitt equation, if the initial values are superpositions 
of eigenstates. 

All solutions have an initial singularity in r = 0. Under certain cir- 
cumstances a smooth transition from big crunch to big bang is possible. 
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1. Introduction 

Arnowit, Dcscr and Misncr showed in their celebrated paper [1] how the 
Lagrangian formulation of general relativity can be expressed in a way al- 
lowing to apply the Legendre transformation to obtain a Hamiltonian formu- 
lation. Since the Lagrangian is singular the Legendre transformation is not 
a diffeomorphism, and hence, the resulting Hamiltonian description is not 
equivalent to the Lagrangian description. To remedy this situation one has 
to apply the Dirac algorithm for field theories with constraints, cf. [3] or the 
modern treatment in [131 Chapter 1.2 and Chapter 24]. resulting in two con- 
straints in phase space, the Hamiltonian and the Diffeomorphism constraint 
respectively, which are supposed to vanish. 

The quantization of these constraints is in general an unsolved problem; 
however, when the available degrees of freedom are reduced by requiring 
spherical symmetry for instance, as is the case in cosmology, then the com- 
plexity of the constraint equations reduces considerably. 

Assuming spherical symmetry for the spatial cross-sections the Diffeomor- 
phism constraint is automatically satisfied and hasn't to be considered any 
longer. The Hamiltonian constraint can at least formally be quantized leading 
to a constraint for the possible wave functions, the so-called Wheclcr-DeWitt 
equation, which looks like 

(1.1) H^J = 0, 

where H is a second order hyperbolic operator. 

Though special solutions of the Wheeler-DeWitt equation can be found in 
some circumstances either by trial and error or by an existence proof, these 
solutions offer no satisfactory answer to the problem of finding a quantum 
cosmological model. 

In quantum theory one always considers a selfadjoint operator in an infinite 
dimensional Hilbert space which is in general given as the space of complex 
valued square integrable functions over some measure space. 

Thus, a satisfactory treatment of the Wheeler-DeWitt equation requires to 
solve the equation in a Hilbert space and the solutions have to be associated 
with a selfadjoint operator. One might think that the assumption H selfad- 
joint would suffice, but even if H were selfadjoint and all solutions of (|l.ip 
could be determined we would face the problem that we had no dynamical 
development, since the Schrodinger equation would make no sense because 

of in]). 

Wc shall therefore treat the Whceler-DcWitt equation as an implicit eigen- 
value equation, where the cosmological constant plays the role of the eigen- 
value either directly or indirectly. 

This approach will also reveal that the operator H is not the actual Hamil- 
ton operator of the model, instead the corresponding eigenvalue problem will 
define a symmetric differential operator, and we have to prove that it is self- 
adjoint. 
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To our knowledge the Wheeler-DeWitt equation hasn't been considered as 
an imphcit eigenvalue equation before and therefore a Hilbert space approach 
with a spectral resolution hasn't been achieved eitherQ 

DcWitt was the first to quantize the closed Friedmann model with spher- 
ical cross-sections in [5], where he used as a matter Lagrangian not a La- 
grangian representing a field, i.e., a Lagrangian which would have to be in- 
tegrated over the spacetime, but rather a Lagrangian representing finitely 
many particles resulting in a Hamiltonian where the matter part didn't de- 
pend on the scale factor r and hence the Wheeler-DeWitt equation could be 
written in the form 

(1.2) Ai) = Eil}, 

where A is an ordinary differential operator of order two with respect to the 
variable r and similarly E a Hamiltonian with respect to the finitely many 
particles q*. Using then a separation of variables, solutions of the Wheeler- 
DeWitt equation will exist whenever the eigenvalues for the operators A and 
E coincide. The variable r was supposed to belong to a bounded interval 
(0,ro). 

Solutions of a Wheclcr-DeWitt equation with a single scalar field arc de- 
scribed in m Chapter 8] in case of a closed Friedman universe with spherical 
cross-sections, where the scale factor r belongs to the unbounded interval 
(0, oo). Special solutions are constructed with the help of Bessel functions. 

We look at „ radially" symmetric spacetimes N = A^"+i where the 
Lorentzian metrics are of the form 

(1.3) ds"^ = -w^dt^ + r'^(j,j{x)dx'dx'] 

here {(Jij) is the metric of a spaceform iSjl with curvature k, which could 
be positive, zero, or negative, and r, w are positive functions depending 
only on i, and the Einstein equations are the Euler-Lagrange equation of the 
functional 

(1.4) J = / {R-2A) + aMJM, 

Jn 

where R is the scalar curvature, A a cosmological constant, um a- positive 
coupling constant, and Jj\/ a functional representing matter. 
We shall consider 

(1-5) Jm= f {-UDfW^ + Viv)}, 

Jn 



^Onc of the referees has drawn our attention to a paper by Unruh |14) in which the 
Lagrangian is considered in a restricted class of metrics such that the Legendre transforma- 
tion is a difTcomorphism in the homogeneous case. Thus no constraints have to be imposed 
on the Hamiltonian and after quantization one could consider the Scrodinger equation or 
the corresponding eigenvalue equation. Unruh proved that the eigenvalues correspond to 
cosmological constants in classical general relativity. 

^We assume iSo to be compact. 
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(1.7) jm = / {-^^r'^tv$GAB + vm- 



where is a scalar fields map 

(1.6) ip-.N-^S 

from N into a compact Ricmannian manifold S = S*™ with metric (G^b) 



_ 1 -a/3,^A,^B^ 

is also supposed to be radially symmetric depending only on t. 

The functional in (|1.4p can be treated as a constrained Hamiltonian prob- 
lem, cf. [U O O [H] , where the Hamiltonian H has to satisfy the Hamiltonian 
constraint 

(1.8) H = 0. 

To derive quantum cosmological Friedman models, we therefore shall quan- 
tize the Hamilton function H, obtain a Hamilton operator in a suitable 
Hilbert space TL and shall consider only those wave functions ij: satisfying 
the Wheeler-DeWitt equation 

(1.9) HiP^O, 

where we use the same symbol for the Hamilton operator as for the Hamilton 
function. 

Assuming V ~ const the Hamilton operator iJ is equal to 



(1.10) 



+ i|(F + vl)r^^-^Kr^V 



where 

(1.11) ao = 2n(n- l)a^/, 

(1.12) y^-^^y^ 

n[n — 1) 

and 

(1.13) A = —^A. 

n(n — 1) 

To find functions in the kernel of i7, we make a separation ansatz 

(1.14) 7/;(r,y^) = u(r)r?(y). 

Since we assumed S to be compact, —A has a complete set of eigenfunc- 
tions {rii) with corresponding eigenvalues > such that 

(1.15) lim /ii ~ oo. 

i 

Let rj be an eigenfunction with eigenvalue /i such that 

(1.16) n=^aoti-^-^^<0. 
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then the resuhing differential operator 

(f .f 7) Au = r-\ruy + r-^ftu + ^(V + A)r\ - ^kr^^^u 

is of the form 

(1.18) Au=-Bu+^{V + A)r'^u-^kr^^^u, 

where Bu is a Bessel operator, i.e., on any finite interval (0, rg), A is selfad- 
joint in a suitable Hilbert space with a complete set of eigenfunctions {ui) 
and corresponding eigenvalues Xi such that 

(1.19) limAi = -cx3. 

i 

To solve the equation 

(1.20) Au^O 

we distinguish two cases: First, we consider the equation as an implicit eigen- 
value problem with respect to the quadratic form 

(1.21) K{u) = ^jr^u' 

and second, as an implicit eigenvalue problem with respect to the quadratic 
form 

(1.22) K{u) = -^k j/-^u\ 

in which case k has to be negative. In the first case the eigenfunctions have 
to be defined in a bounded interval / = (0, tq), and therefore this case is 
also referred to as the bounded case or the bounded model, while in the 
second case the eigenfunctions can be defined in / = (0, oo), i.e., we have an 
unbounded model. 

Let us first consider a bounded interval / = (0,ro). Writing the equation 
(|1.20p in the equivalent form 

(1.23) B?/- fW^w+f ^r^u= f ir^u, 

we shall treat it as an eigenvalue problem with eigenvalue A. 

Choosing the appropriate Hilbert space we shall show that this problem 
has countably many eigenvalues Ai and corresponding real eigenfunctions ui 
such that 

(1.24) A,<A,+i VzeN, 

(1.25) limAi = oo, 

i 

and their multiplicities are one. 

The right end point of the interval I can be arbitrary, and the eigen- 
values Ai as well as the eigenfunctions will depend on its value. To remove 
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the arbitrariness of vq from the problem, consider a fixed A in the equation 
(fT:23l) . Then, if either 

(f.26) V + A> A K arbitrary, 

or 

(f.27) V + A^O A k<0, 

there will be exactly one ro > such that A will be the smallest eigenvalue 
ylo for the eigenvalue problem p.23p in that particular interval. 

In case of the unbounded model, let / = (0, oo) and write equation p.20p 
in the form 

(1.28) Bu- ^{V + Ayu = -^kr^^^u, 
where V + A and k are supposed to be negative 

(1.29) V + A<0 A K<0. 

Assuming then without loss of generality that V = 0, we shall show that 
this eigenvalue problem has countably many solutions (Ai,Ui) such that 

(1.30) A, < A,+i < 0, 

(1.31) limA, = 0, 

i 

and their multiplicities are one. 

Notice that the present variable r is not identical with the one in (|1.3p . 
Writing the metric in (jl.3p in the form 

(1.32) ds^ = -v?dt^ + Gijdx'dx^, 
then 

(1.33) r = e^^. 

However, r — s- corresponds to e^^ —> 0, i.e., there will always be a big 
bang singularity. 

1.1. Definition. Let / C be an open interval, not necessarily bounded, 
such that 0^1, and let g e M. Then we define 



(1.34) L^{I,q) = {ueLl,{I,C)-- J^ri\u\'<^}. 
L^{I, (?) is a Hilbert space with scalar product 

(1.35) {ui,U2) = J r'^uiU2. 

We are especially interested in L^(/, 1) for / = (0, ro) and / = (0, oo). 
Let Ho C L'^{S,C) be the finite dimensional subspace spanned by the 
eigenspaces i?^. of — Z\ = — As with eigenvalues fii satisfying 

(1.36) p, = ^aofx^ - < 0, 
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then it is fairly easy to prove: 

1.2. Theorem. The Hamilton operator H defined in ()1.10p is selfad- 
joint in L^((0, ro),l) (Xi Tio for arbitrary values of V, A and R, and also 
in i^(R^J., 1) (g) Tio, if in addition 

(1.37) V + A<0 A k>0, 
or if 

(1.38) V + A<0 A K arbitrary. 

1.3. Remark. Notice that the dimension of Ho can be fairly large. Indeed, 
let G = (Gab) be a given metric on S', and let be the eigenvalues of 
the corresponding negative Laplacian, then the eigenvalues of the negative 
Laplacians corresponding to the metrics 

(1.39) G, = (e-^GAs), e > 0, 
are 

(1.40) fi,,, = eV«- 

1.4. Definition, (i) Let / = (0,ro) and B be the Bcsscl operator 

(1.41) Bu = -r^^irii)' - r^^flu, fl<0. 

B is defined in the Hilbcrt space 7ii(/i) which is the completion of C^{I) 
with respect to the scalar product 

(1.42) {u,v)i = J ruv — fi J r~^uv, 
such that 

(1.43) {Bu,v) = {u,v)i Wu,veni{p), 

where the scalar product on the left-hand side is the scalar product in L^{1, 1). 

(ii) Let / = (0, oo), then we define the Hilbert space 7^2 (/i) as the comple- 
tion of C^{I) with respect to the scalar product 

(1.44) (u,w)2 = J riiv ^ jl J r^^uv + J r^uv. 
Some of the main results are: 

1.5. Tiieorem. Let I ~ (0, tq) be an arbitrary open interval, let fi be an 
eigenvalue of —As such that the eigenspace E^^ C TLq, and let rj € E^. Then 
there are countably many solutions {Ai,Ui) of the eigenvalue problem (|1.23p 
with eigenf unctions Ui G Tiilfi) such that 

(1.45) A,<A,+i yieN, 

(1.46) limyli = oo, 
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and their multiplicities are one. The (ui) form a basis ofTi.i{n) '^'^'^ o,lso of 
L^{I,1). The wave functions 

(1.47) ipi = UiT] 
are solutions of 

(1.48) H^, = 0. 

1.6. Theorem. Let A,V,k be given data .such that the conditions (|1.26p 
or p.27p are satisfied. Then there is exactly one < rp .such that A is equal 
to the .smallest eigenvalue Aq specified in the preceding theorem. 

1.7. Theorem. Let I = (0, oo) and assume that V , A satisfy the condition 
in (jl.29p with = 0. Let fi be an eigenvalue of —As such that the eigenspace 

C Ho, and let tj g iJ^. Then there are countably many solutions {Ai,Ui) 
of the eigenvalue problem ()1.28p with eigenf unctions Ui G 7^2 (A) such that 

(1.49) yl, <ylj+i<0 VieN, 

(1.50) limi, = 0, 

i 

and their multiplicities are one. The wave functions 

(1.51) = UiT] 

are solutions of 

(1.52) H^jj, = 0. 
The transformed eigenf unctions 



(1.53) u,{r)^u,{\t'-'\), 
where 

(1.54) A, -(-i,)""^, 
form a basis ofT-l2{p,) and also of L^{L ,1). 

1.8. Remark. The unbounded model is in our opinion the physically most 
appealing model: first, because there is no arbitrariness about the length of 
the interval in which the wave functions are defined, second, there is no dis- 
crepancy with respect to the maximal radius when it is compared with its 
classical counterparts, and third, for large quantum numbers, and thus for 
high energies, the absolute values of the corresponding cosmological constants 
are very small, they tend to zero. This is an invcrtible relation, i.e., nega- 
tive cosmological constants close to zero, which correspond to eigenvalues, 
correspond to high energy levels. 

Given the empirical observations that currently the cosmological constant 
has a very small absolute value, approximately 10"^^", and also that the 
universe is accelerating very fast, indicating a large amount of so-called dark 
energy, then these data could be theoretically explained by the unbounded 
model. 
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The paper is organized as follows: Section [21 contains an overview of our 
notations and definitions. In Section [3] the Lagrangian is quantized, while in 
Section [5] unitarily equivalent Hamiltonians are derived. 

The theorems will be proved in Section \E\ and Section \E\ 

In Section [7] we show the existence of a smooth transition from big crunch 
to big bang under certain circumstances. 

In Section [8] we prove that the implicitly defined eigenvalue problems 
can be looked at as eigenvalue problems for selfadjoint operators, hence the 
Schrodinger equations for these operators can be solved giving rise to a non- 
trivial dynamical development of arbitrary superpositions of eigenstates. 

The problem of time is addressed in Section [H while in Section we 
compare the quantum models with the corresponding classical Friedman so- 
lutions, and we shall see, that only in case of the unbounded quantum model 
there is no discrepancy with respect to the maximal radius when it is com- 
pared with its classical counterparts. 

2. Notations and definitions 

The main objective of this section is to state the equations of Gaufi, 
Codazzi, and Weingarten for spacelike hypersurfaces M in a (n-f l)-dimen- 
sional Lorentzian manifold N. Geometric quantities in N will be denoted 
by (gap), (Raf3-ys), etc, and those in M by (^ij), {Riju), etc.. Greek indices 
range from to n and Latin from 1 to n; the summation convention is always 
used. Generic coordinate systems in N resp. M will be denoted by (x") 
resp. (^'). Covariant differentiation will simply be indicated by indices, only 
in case of possible ambiguity they will be preceded by a semicolon, i.e., for a 
function u in iV, [ua) will be the gradient and (wa/j) the Hessian, but e.g., the 
covariant derivative of the curvature tensor will be abbreviated by Rap-yS-e- 
We also point out that 

(2.1) RaP^S-A = Ra0jS;eXl 

with obvious generalizations to other quantities. 

Let M be a spacelike hypersurface, i.e., the induced metric is Riemannian, 
with a differentiable normal v which is timelike. 

In local coordinates, (x") and (^'), the geometric quantities of the spacelike 
hypersurface M are connected through the following equations 

(2.2) 4- = h^.iy'^ 

the so-called Gaufi formula. Here, and also in the sequel, a covariant deriva- 
tive is always a full tensor, i.e. 

(2.3) x"^ — x"^ — r^jX'^ + r^^xf xj. 

The comma indicates ordinary partial derivatives. 

In this implicit definition the second fundamental form (hij) is taken with 
respect to ly. 
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The second equation is the Weingarten equation 

(2.4) = h'lxt, 

where we remember that vf is a fuU tensor. 
Finally, we have the Codazzi equation 

(2.5) hiy^k - hik-j = Ra/i^sv'^xfx'Jxl 
and the Gaufi equation 

(2.6) Rijki = -{htkhji - hiihjk} + RapjSXix'^xlxf . 

Now, let us assume that is a globally hyperbolic Lorentzian manifold 
with a compact Cauchy surface. N is then a topological product I x Sq, 
where / is an open interval, Sq is a compact Riemannian manifold, and there 
exists a Gaussian coordinate system (x" ) , such that the metric in N has the 
form 

(2.7) ds% = e'^'^{~dx°'^ + cr,j{x°, x)dx'dx^, 

where cry is a Riemannian metric, -0 a function on N, and x an abbreviation 
for the spacelike components (a;*). We also assume that the coordinate system 
is future oriented, i.e., the time coordinate x^ increases on future directed 
curves. Hence, the contravariant timelike vector (^") = (1, 0, . . . , 0) is future 
directed as is its covariant version (^q) = e^'^'(— 1, 0, . . . , 0). 
Let M = graph be a spacelike hypcrsurface 

(2.8) M = {{x°,x): x° = u{x), X eSo}, 
then the induced metric has the form 

(2.9) = e^'''{~UiUj + cr„} 

where Uij is evaluated at (m, x), and its inverse (.g'-') = {gij)~^ can be ex- 
pressed as 

(2.10) g'^ =e-^'^'{a'^ + ^^}, 
where {<t^^) = {o'ij)~^ and 

(2 11) 

= l-CT*^U,;Mj = l-\Du\^. 

Hence, graphw is spacelike if and only if \Du\ < 1. 

The covariant form of a normal vector of a graph looks like 

(2.12) (i.J =±i;-ie'^(l,-w,). 
and the contravariant version is 

(2.13) {,y'')=Tv-'e-^il,u'). 
Thus, we have 
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2.1. Remark. Let M be spacelike graph in a future oriented coordinate 
system. Then the contravariant future directed normal vector has the form 

(2.14) (i/") =i.-ie-'^(l,uO 
and the past directed 

(2.15) {v°') = -v-^e-'^'{l,u'). 

In the Gaufi formula ()2.2p we are free to choose the future or past directed 
normal, but we stipulate that we always use the past directed normal for 
reasons that we have explained in [S] Section 2]. 

Look at the component a = in (|2.2p and obtain in view of (|2.15p 



(2.16) e-'^v-^h,, = -u,, - r^,u,u, - ^0°. - r^,Uj - t^^ . 

Here, the covariant derivatives are taken with respect to the induced metric 
of A/, and 

(2.17) ~rf^^e-^h,. 

where ijiij) is the second fundamental form of the hypersurfaces {x^ = const}. 
An easy calculation shows 

(2.18) /ly-e-^ = -iay -^ay, 
where the dot indicates differentiation with respect to 

3. The quantization of the Lagrangian 
Consider the functional 

(3.1) J = / {R-2A) + aM I {-\r^^i4GAB + V{^)}, 

Jn Jn 

where the (n + l)-dimensional spacetimes TV have a metric of the form p.32p 
on page [H The time coordinate t is supposed to belong to a fixed interval 
/ — (a, 6), bounded or unbounded, the actual size of which is unimportant, 
since we are only interested in the first variation of the functional with respect 
to compact variations. 

To express the scalar curvature R in terms of / we use the contracted 
Gaufi equation. Let Mt be the spacelike hypersurface 

(3.2) Mt = {peN:x'^{p)=t}, 

i.e., Mt is a coordinate slice and is the future directed time function, which 
we also called t, but here t e (a, b) is an arbitrary but fixed value. 
The induced metric of Mt is 

(3.3) ffy = e'^^aij. 

Because of the radial symmetry, the principal curvatures of the hypersur- 
faces are all identical and can be expressed as 

(3.4) K, = K^-fw-\ 
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Let H be the mean curvature 
(3.5) H = Ki = UK 



and \A\ be defined by 

(3.6) \A\'=Y,Kj^ 



and let R be the scalar curvature of the Mt, then 

(3.7) R = -{H^ -\A\^} + R + 2Rapiy"iy'^, 

cf. H equation (1.1.41)]. 

From (|3.3p we deduce that gij is a constant multiple of the metric (7^ of 
the spaccform Sq, hence 

(3.8) R = e-^f Rs,, ^ n{n - l)ke~'^^ . 
It remains to express R^pv'^v^ . 

The easiest way to achieve this is by writing the metric in (jl.32p on page [6] 
in its conformal time form 

(3.9) ds^ = e^^'{-dT^ + a.jdx'dx'} 
such that 

(3.10) ^ = we-f. 

The ambient metric gafi is now conformal to a product metric g^p 

(3.11) gap = e^^ gap- 

The Ricci tensors Rap and Rap are then related by the formula 

(3.12) Rap = Rap - {n - l)[fap - fafp] ~ 9ap[Af + {n - l)\\D!\W 

where the covariant derivatives of / are taken with respect to the metric gap- 
Since i?oo ~ 0, we immediately conclude 

(3.13) i?oo = ~nf", 
and hence 

(3.14) Ra0v"vf^ = -nf'e-^f, 
for the past directed normal v is equal to 

(3.15) i/= (i^") = -6-^(1,0, ...,0). 

Switching back to t as time coordinate, we deduce from p.lOp and (|3.7p 
R = e-2/ Rs^ + ij2 _ |^|2 _ 2Rapv°'v^ 

(3.16) d 

The volume clement of N is 

(3.17) M = w^''^^. 
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where a = det(CTy ). Since all terms in the functional do not depend on 
(x'), integration over Sq is simply a multiplication by the volume of iSq and 
without loss of generality we shall set volume of 5o to be equal to one 

(3.18) |5o| = 1. 

The functional can therefore be written as 

ft 

{n(n ~ l)Ke("-2)/u; + n(n - l)|/'|2e"^u;-i 



(3.19) + 2n^{w-ie^/'}e("-i)^ - 2Ae''^ w] 

J a 

To eliminate the term involving the second derivatives of /, we observe 
that 

(3.20) ^iw-'fe-f) = ^{w-^eJne(-^^f + [n l)|/f e"/^/;-!. 
at at 

The expression on the left-hand side is a total derivative, i.e., its first variation 
with respect to compact variations vanishes, hence we obtain an equivalent 
functional, still denoted by J, 

{n{n - l)Ke("-2)/u' - n{n - \)\f'\'^e''f w'^ - 2Ae^f w} 



(3.21) 



+ aM / {i||(^||V^u;-i -l/(^)e"^u;}. 



Before we apply the Legendre transformation let us normalize the func- 
tional by dividing the whole expression by 7i(n — 1). Denoting the resulting 
functional still by J, we obtain 



(3.22) 



+ A^^^II^I|V/z.--^^V^(^)e"M. 
Zn(n — 1) n[n — 1) 



Define V, A as in pT^ . lfTT^ on page HI set 

(3.23) Gab = o t t^ ^ab, 

2n[n — 1) 



(3.24) (Gab) 
and 



'-1 ^ 
, Gab^ 

„.A\ 



(3.25) (y-) = (y»,j;-^) = (/,^-^), 
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then J can be expressed as 

(3.26) J= [\= ['' w{Gaby''y^w-^ - {V + A)e"f + ke^"-^')f}. 



Applying now the Legendre transformation we obtain the Hamiltonian H 

BT 

(3.27) = {Gabrv^'w-'' + {V + A)e^f - Aie^"-^)/}^; 

= Hw, 

and the Hamiltonian constraint requires 

(3.28) if(y",p,)-0. 

Canonical quantization stipulates to replace the momenta pa by 

Hence, using the convention ?i = 1, we conclude that the Hamilton opera- 
tor H is equal to 

(3.30) iJ = -i^+(l^ + i)e"^-Ke("-2)/. 

Note that the metric Gab is a Loreiitz metric, i.e., H is hyperbolic. 
Let = "0(2/) be a smooth function then 

Now 

(3.32) |G| =e(™+i)"-^|G| 
and hence 

(3.33) = 

where A is the Laplacian with respect to Gab ■ 
We now define a new variable 

(3.34) r = 
and conclude 



(3.35) _z\^= iilr-™^(r'"^)-r-2^V- 

or or 

Thus we have proved: 
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3.1. Theorem. // m > 1, i.e., if a matter Lagrangian is involved, the 
Hamilton operator has the form 

(3.36) Hip = T^r-™^(r™^) - r-^A^P + (V + A^ib ~ hr'-^^j. 

// no matter Lagrangian has been considered, which is tantamount to m = 0, 
H is equal to 

(3.37) Hi' = f^V^ + Ar^i) ~ kr^^^i). 

3.2. Remark. In both cases r = represents a singularity, since the 
spacetime metric becomes singular in r = 0. 

4. Equivalent Hamiltonians 

First, we shall divide the Hamiltonian in p.36p by jg without changing 
its symbol such that 

Hij = r-™|-(r"^) - r-^AAiP 

(4.1) ^ dr^ dr' " ^ 

+ ^[V + A)r^-^hT"-^i,. 
Replace —^Aijj by a non- negative constant and consider the equation 

(4.2) (r"-!^) + r-Vw + A?; = 

or or 

or its equivalent form 

(J ov 

(4.3) — (r" — ) + r"-2/iv + r™Aw = 0, 
or Or 

where v = v{r) and A = A(r). 

If m > 1, define a new possible solution u by 

(4.4) V = r^^^u, 
then the left-hand side of (|4.3p is transformed to 

(4.5) r'^iil + r-^ii + r~^[/i - ^'"'^/^^ ]u + \u}. 
The operator inside the braces can be written as 

d 

(4.6) r^^ — (ru) + r~'^ fiu + Xu, 

or 

where 

(4.7) ^ = ^_(!Ii^. 



Let A be the operator in ()4.2p and A be the operator in ()4.6p . then there 
holds: 
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4.1. Lemma. Let I C be an open interval and let 

(4.8) ip:L\l,m)~^L\l,l) 
be the linear map 

(4.9) v(^) = u = r V. 

Then ip is unitary and, if A resp. A are defined in C^{I), there holds 

(4.10) A = -^-^ o Aoip. 

Proof, (i) Let Vi G L'^{I,m), i = 1,2, then 

(4.11) / r"''viV2 = / ruiU2, 



hence ip is unitary. 

(ii) To prove ([CT])) . let v^ e C^{I), i = 1,2. Wc only need to test the 
main part of A, i.e., 

(r-"|:(r"^0,^'2>=/ §-^ir"'ii)v2^ J |:(r"^i)r-^S. 

(4.12) ' ' 

/ r . T m - I m-1 . ^ 

= J {-r 2 t,;^y2 H ^ 7- 2 VlU2i. 

Now we have 

(4.13) vi ^ r^^^iii - '-^^r'^ui 
and thus, the right-hand side of (|4.12p is equal to 

{-ruiU2 + ^^^(wiU2 + U1U2) - ^"^^^ r~^uiU2} 

(4.14) 

If . T (m-l)= -1 - 1 

= J {-ruiU2 - 4 r M1U2}, 

hence the result, and we may view the Hamiltonian in (jl.lOp on page H] as 
unitarily equivalent to the original Hamiltonian in (|3.36p on page 1151 □ 

5. Proof of Theorem 11.21 

Let TIq C LP'{S) be the finite dimensional subspacc spanned by the eigen- 
functions of —As such that the corresponding eigenvalues satisfy (|1.36p on 
page El Then we conclude 

(5.1) ^aJ\D'n?-^-^ l\v?<o y^e-Ho, 



4 

JS JS 

and we deduce further that the quadratic form 

(5.2) {Hi',i;) <c\\i'\\^ y^eC^{I)®no, 

if either / = (0, ro) and V, A and k are arbitrary, or if / = R!j_ and the sign 
conditions in ()1.37p on page [7] are satisfied. 
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If / = (0,00) and if V,A satisfy the condition in p.29p on pageEl then, 
for any e > there exists a constant such that 



oc 

(5.3) / r^\u\^ <e\\u\\l + c,\\u\\^ yuGH^ifl), 

Jo 

where ||-|| is the norm in L^{1, 1), hence inequahty ()5.2p is also vahd in this 
case. 

The preceding inequahty foUows from a compactness theorem of Lions and 
Magenes, see the proof of Lemma f6.4l on page [T51 for details, which can be 
applied because of Lemma 16.81 on page [20] 

H is therefore semibounded and its Friedrichs extension is selfadjoint, 
hence H is essentially selfadjoint; notice that the Friedrichs extension of a 
symmetric differential operator can be naturally identified with this operator 
cf. Definition 18.31 on page [25] and the proof of Theorem 18.41 on page [55] for 
details in a similar situation. 

6. Proof of Theorem 11.51 Theorem 11.61 and Theorem 11.71 

6.1. Proof of Theorem 11.51 Let / = (0,ro) be a fixed interval and let 
us consider the equation (|1.23|1 on page [5] for real valued functions u. It is 
well-known that the Bessel operator 

(6.1) Bu^ -r^^{ruY -r^^fLU, M < 0, 

is a selfadjoint, positive definite operator in L^{I,1) — we consider only real 
valued functions. B is defined in the Hilbert space 7ii(/2) which is the com- 
pletion of C^{I) with respect to the scalar product 

(6.2) {u,v)i — J riii) — p, J r~^uv, 
such that 

(6.3) {Bu,v) = {u,v)i Vu, u e 7Yi(/2), 

where the scalar product on the left-hand side is the scalar product in i^(/, 1). 

6.2. Lemma. Functions u G 7ii{fl) have boundary values zero in ro, i.e., 
u{ro) = 0, while ii(0) = is in general only valid, if fi < 0. In case fl = 0, 
there holds 

(6.4) lim r'^'u(r) = 

r— »0 

for any e > 0. 

Proof. Wc first point out that any u G Ti.i{p,) is continuous in /, even con- 
tinuous in (0,ro], and any convergence in the Hilbert space norm implies 
convergence in C°([(5, ro]), for arbitrary S > 0, hence we conclude u{ro) = 0. 
„/2 < 0" Then any u G Hiifi) satisfies 

(6.5) / r^VP < 00. 
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Let u e C^il) and < S < ro, then 

(6.6) ^u^{S) < J\u\\u\ < ' {Jo ^""^ 
and this mequahty will also be valid for arbitrary u G 7ii(/2), hence the result. 

„/2 = 0" Let u e C^il), e > 0, and < (5 < rg, then 

(6.7) u{S) = - ii, 



5 



and thus 



(6.8) 5'H5)\ <'5'(logro-log(5)5(^^ . 

This inequality will also be valid for any u G Ti.i{fi), hence the result. □ 

6.3. Lemma. Let K be the quadratic form 

(6.9) K{u) = ^fr^u^, 
then K is compact in Ti.i{p.), i.e.. 



I 



(6.10) u, u =^ K{ui) ^ K{u), 
and positive definite, i.e., 

(6.11) K{u)>0 Vu^O. 

Proof. We may assume that the weak limit li = 0. Let < 6 < ro, then 

fro 

(6.12) limi| / r^u^ = 
and 

(6.13) limsupi| / r^uf < cS, 



s 





in view of (|6.8p . hence the compactness result. 

The positive definiteness is obvious. □ 

6.4. Lemma. There exist positive constants cq and ci such that 
(6.14) ci\\u\\l< {Bu,u) + {-j^Vr^u + ^kr'-^u,u) + coK{u) 
for all u e 7Yi(/2), where the norm on the left-hand side is the norm in 7ii(/i). 
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Proof. This follows immediately from (|6.8p , Lemma 16.31 and a well-known 
compactness theorem of J.L. Lions and E. Magenes, cf. [H Theorem 16.4], 
which says in the present situation that for any e > there exists such 
that for any u &Tli {fi) 

(6-15) \{-^Vr^u+ ^kr'-^u,u)\ < e{Bu,u) + c,K{u). 

□ 

The eigenvalue problem 

(6.16) Bu- ^Vr^u+^kr^^u = A^r^u, 
or equivalently, 

(6.17) (Bu-i^Vr^u+^kr^^u,v)=AK{u,v) Vv G 7^i(/2), 

where K(u, v) is the bilinear form associated with K, then has countably 
many solutions {Ai,Ui), Ui e ?ii(/2), with the properties 

(6.18) A^<A^+i VieN, 

(6.19) lim^i^oo, 

i 

(6.20) K{u,,u,) = 6,j, 

the (ui) are a Hilbert space basis in 7ii(/2), and the eigenspaces are one 
dimensional. 

This result follows from a general existence result for eigenvalue problems 
of this kind which goes back to Courant-Hilbert, cf. [4], while the strict 
inequality in (j6.18p and the property that the multiplicity of the eigenvalues 
is one is due to the fact that we arc dealing with a linear second order ODE, 
hence the kernel is two dimensional and the boundary condition u{ro) = 
defines a one dimensional subspacc. 

6.5. Proof of Theorem 11.61 Let Q be the quadratic form 

(6.21) Q{u) = {Bu-^{V + Ayu + ^kr^^u, u). 
It suffices to prove that 

(6.22) inf{Q(u): u e {0,ro), K{u) = 1} >0 
for small tq, and 

(6.23) inf{Q(M): ue C^iO^ro), K{u) = 1} <0 

for large tq, where K is the quadratic form in ()6.9p . since the smallest eigen- 
value v4o(ro) depends continuously on tq, as one easily checks. 

The claim (|6.22p follows immediately from the estimate in (|6.8p by choos- 
ing 5 = ro. 

To prove (|6.23p . let tq be large and let rj £ C^{^, 3) be a cut-off function 
such that 

(6.24) V{r)^l Vre(l,2), 
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and define 

(6.25) n = vC^)- 
Then u £ C;f (0,ro) and 

/•ro 

(6.26) / rii^ < cro 

Jo 

while 

(6.27) / r^^u^ - cro " 

Jo 

and 

(6.28) / r^u^ ~ crj^, 

which completes the proof of Theorem 11.61 

6.6. Remark. When we set V = Q then Theorem 11.61 implies that for any 
positive cosmological constant A there is a unique rg > such that A is the 
smallest eigenvalue of the corresponding eigenvalues in (0, rg), where the sign 
of ii can be arbitrary. In case k < 0, even A = can be looked at as the 
smallest eigenvalue by choosing ro appropriately. 

6.7. Proof of Theorem 11.71 Let / — (0, oo) and let us consider the equa- 
tion (|1.28p on page [HI where V, A and k satisfy the conditions (|1.29p with 
= 0. The arguments are similar as in the proof of Theorem 11.51 in Subsec- 
tion 16.11 on page [TT] 

6.8. Lemma. Let K he the quadratic form 

(6.29) K{u) = 



,.16 / .^„2 



then K is compact in 7^2 (m); 

(6.30) u, u =^ K{u,) K{u), 
and positive definite, i.e., 

(6.31) K{u)>Q VwT^O. 

Proof. We may assume that the weak limit m = 0. Let < p < oo, then 



(6.32) limi| r 

Jo 

and 

/•oo /"OC 

(6.33) limsupi| / r^u^ <cp^^ i r^uf<cp^", 

in view of the definition of the norm in 7^2 (m), hence the compactness result. 
The positive definiteness is obvious. □ 



-..4 o 

r—u^ = 
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The analogue of Lemma on page[TH]is trivially satisfied, in view of the 
assumption ()1.29p on pageO 

6.9. Lemma. There exists a positive constant ci such that 

(6.34) ci\\u\\l<{Bu,u) + {^r^u,u) 

for all u G 7^2 (/J), where the norm on the left-hand side is the norm in 7^2 (/^)- 

Arguing as at the end of Subsection 16 . II on pagefTTlwe then conclude: The 
eigenvalue problem 

(6.35) Bu+ ^r^u^ -X^kr^^^u, 
or equivalently, 

(6.36) {Bu + ^r^u, v) = XK{u, v) Vw £ 7^2(/i), 

where K(u, v) is the bilinear form associated with K, has countably many 
solutions (AijUj), ui E 7^2(^)7 with the properties 

(6.37) A, <A,+i VieN, 

(6.38) lim Aj = 00, 

i 

(6.39) K{u„iij) ^5,,, 

the {Hi) arc a Hilbert space basis in 7^2 (A), and the eigenspaces are one 
dimensional. 
The functions 



(6.40) u,{r) = u,{X^ r) 
then satisfy the equation 

(6.41) Bu, + ^X;^r^u, = -^kr'-^u, 

and they are mutually orthogonal with respect to the bilinear form 

(6.42) J^r^uv, 

as one easily checks. 

Furthermore, there holds: 

6.10. Lemma. Let {X,u) e M.*f_ x 'H2{p), be a solution of 

(6.43) Bu+}^X'^^r\ = -^kr^^u, 
then there exists i such that 

(6.44) A = Ai A ue {u,). 
Proof. Define 

(6.45) it(r) = u(A^i<^r), 

then the pair (A,m) is a solution of the equation (j6.35p . hence the result. □ 
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7. Transition from big crunch to big bang 

In the previous sections we supposed the singularity r = to lie in the 
past, i.e., assuming a future oriented coordinate system in (|1.32p on page [51 
/' should be positive. 

Of course we could just as well assumed /' < 0, then r = would be a 
future singularity and the relation / = log r would have been replaced by 

(7.1) / = log(-r), 

where r is negative. 

A similar consideration could have been used in p.34p on page [TH which 
had to be replaced by 

(7.2) -r = pJ^, r < 0, 

resulting in a Hamilton operator as in (|3.36p and (|3.37p on page [T51 with the 
exception that the wave functions would be defined in (— ro,0), tq > 0, or 
in (— oo, 0), and that in the coefficients on the right-hand side of (|3.36p resp. 
p.37p r should be replaced by — r, where r < 0. The singularity r = would 
then be a big crunch singularity. Notice that after quantization we use the 
sign of r to determine and to define, if the singularity is a big bang, r > 0, 
or a big crunch, r < 0, see Section [HI for more details. 

In order to define and prove the existence of a smooth transition from big 
crunch to big bang, we consider the variable transformation 

(7.3) r = 

in (j3.33p on page HH then the equation (|3.33p will be transformed to 

(7.4) - zlV- - r-("^2) r^-i 5 ^ „ ^-n^^_ 

or 

Hence, the equation 

(7.5) Hij = Q 
is equivalent to 

(7.6) Hi) = r-P-^(rPiP) - r-^A^ + 4(y + A)r^'^'^-^^^p - Ahr'^'^''^'^^ = 0, 

or 

where 

(7.7) (m-l)»+2 ^ 

After a separation of variables 

(7.8) V = 

let us introduce another equivalent Hamiltonian: Let v a solution of 
page [151 but define u by 

(7.9) V = r^^u, r > 0, 
or by 

(7.10) v^i-rY^u, r < 0, 
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in case r is negative. 

Then the left-hand side of ()4.3p on page [15] is transformed to 

(7.11) \r\^{u + r-^[^-PiP^]u + Xu}, 

i.e., the imitarily equivalent Hamilton operator would be of the form 

(7.12) il + r-2[ao;i - S^]u + A{V + A)r^^''~^'>u - ^("-2)^^ 

where fi is an eigenvalue of —As- 

This equation can only be defined in (— tq, tq), resp. in R, if 

(7.13) ^ = aoi£(^ 

is an eigenvalue of —As- 

Thus, we have to assume m > 2 and in addition that fi in (|7.13p is an 
eigenvalue. 

Let rj €z be an arbitrary eigenvector of unit length. 
A wave function ip = '\l)[r,y^) then satisfies 

(7.14) H^j = 0, 
if 

(7.15) ip = ur], 77 e Ef^, 
and u = u{r) is a solution of 

(7.16) u + A{V + yl)r2("-i)w - Akr'^^'^-'^^ u = 0. 

Let u be a real valued function defined in (0, 7'o), then we look at the 
eigenvalue problem (j7.16p with boundary conditions 

(7.17) ii(0) = li(ro) = 0, 

where A is supposed to be an eigenvalue, cf. Section and we conclude 
as before that the eigenvalue problem has countably many solutions {Ai,Ui) 
such that 

(7.18) A,<A,+i VieN, 

(7.19) limyli = oo, 

i 

and that the eigenspaces are one dimensional, and where mq doesn't vanish 
in(0,ro). 

The same result is valid in (— ro,0), where r in ()7.16p has to be replaced 
by (-r). 



■^The results in Section [6] are also valid for the present form of the Hamiltonian, though 
the phrasing in the proofs would have to be modified occasionally. 
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7.1. Definition. Let Ai be an eigenvalue of the operator in (|7.16p . A 
function u £ C°°((— tq, tq)) is said to represent a smooth transition from big 
crunch to big bang, if it satisfies the equation (|7.16p in (— ro,ro) and the 
restrictions 

(^■20) "|(_.„.o, resp. 

belong to the respective eigenspaces Ej[. such that {t(0) ^ 0. 

7.2. Theorem. Let {Ai,Ui) be a solution of the eigenvalue problem (|7.16p . 
(|7.17p . and define 



(7.21) u{r) 



u{r), r > 0, 
— it(— r), r < 0, 

then u is a C°° -transition from big crunch to big bang for arbitrary n > 3. 



Proof, u evidently solves the equation in (— j'o, 0) resp. (0, ro). We shall show 

(7.22) ueC\{~ro,ro)), 

from which the additional claims easily follow. 

u is certainly of class C^. It is also of class C^, since 

(7.23) u(0) = 0, 

in view of the equation. Hence u solves the equation in (— ro,ro), and the 
additional claims follow from well-known regularity theorems. In fact it is 
even real analytic. □ 

7.3. Remark. The theorem is also valid in the unbounded case. 

8. The implicitly defined Hamiltonians and the Schrodinger 

equation 

Let H be the Hamilton operator in (|1.10p on pagc[H then the equation 
(8.1) H^j = 

defines two Hamiltonians Hi, i = 1,2, where 



(8.2) 

and 
(8.3) 



H2i^ - -r-i(rV')' -r-\- ^aoA^; - ^^^^P) 

The Hi arc defined in dense subspaccs of L^{Ii, 1) Hq, where 
(8.4) /i = (0,ro) A /2 = (0,oo), 
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and where we observe that 

(8.5) nih, 1) = L'^ih, 1) ® = l2(/,, 1) ® E^,, 

k=0 

where Efj_^ is an eigenspace of — Z\ such that the eigenvalues Hk satisfy the 
condition p.l6p on page HI 

Thus, any ip e 7i(/i, 1) can be expressed as 

fcp 

(8.6) tfj = y^^Ukr]k, 

fc=o 

where -qk € E^j,^ and Uk E L'^{Ii,l). 

8.1. Definition. Let Hiili) be the completions of C^{Ii) (E) Ho with re- 
spect to the scalar product norms 

fcp p 

(8.7) llV-f / M«/cp-r-VKP}h^f 
in case i — I, and 

kg /. 

(8.8) ll^ir = E / M^fcl' - ^^'AfckfcP + r'\uk\'}\\Vkr 

for i = 2, where we used the expression (|8.6p for and where ||?7fc|j is the 
norm in L'^{S), and where we stipulate that in case of H2 the conditions 
p.29p on page E] have to be satisfied with V" = 0. 

Both spaces can be compactly embedded in 7i(/j;, 1) respectively. 

8.2. Theorem. The eigenvalue problems in Ti.i{Ii), i ~ 1,2, 

(8.9) Hi^P = A^r^i^ 
resp. 

(8.10) Hii^ = -AS^Ir^V 

have countably many solutions (Aj^ipj) resp. {Xj,ipj) such that 

(8.11) Aj < Aj+i A limylj = 00 

j 

and 

(8.12) \j < Aj+i A limAj = 00. 

i 

The respective eigenvectors {ipj) are complete in Hiih) as well as inH^h,!). 
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Proof. We only consider the case Hi , since the arguments for H2 are identical. 

„Existence of {Ajjtpj)" Using the general variational principle to solve 
abstract eigenvalue problems that we cited in Section [51 we could prove the 
claims of the theorem. On the other hand, given the orthogonal decomposi- 
tion of 7i(/i, 1) in (|8.5p we deduce that the finite family of eigenvalues and 
eigenf unctions, the existence of which we proved in Theorem 11.51 on page [7] 
for each E^j^^, < fc < fco, are a partition of the solutions of the present 
eigenvalue problem for Hi. 

Notice that the eigenvalue equations are to be understood in the distribu- 
tional sense, cf. Definition 18.31 below. □ 



If we want to define selfadjoint Hamiltonians, then slightly altered Hamil- 
tonians have to be considered. 

8.3. Definition. Let pi, i = 1,2, be equal to 

(8.13) pi = 2 A P2 = ^ 
and define the Hamiltonians Hi by 

(8.14) H,^r-P'H,. 

The previously defined spaces Ti.i{Ii) can also be compactly embedded in 

(8.15) n{h,p, + 1) = L^{h,p^ + 1) no, 

and we define the domains of Hi by 

(8.16) D{H,)={ijen^{h): Hd'^n{h,p, + l)], 

where the last condition is to be understood in the distributional sense, i.e., 
Hiijj = X means 

(8.17) {i',H,^)^{x,^) V^eCr(/0®Wo. 
We can now prove: 

8.4. Theorem. The Hamiltonians Hi are selfadjoint in TL{Ii,Pi + 1) with 
a pure point spectrum and the eigenvalue problems 

(8.18) Hii' = A^i, 
resp. 

(8.19) H2ij = -Ak^V 

have countably many solutions {Aj,^j) resp. {Xj,4'j) such that 

(8.20) Aj < Aj+i A \imAj = 00 

j 

and 

(8.21) < Aj+i A limAj =■ 00. 

3 
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The respective eigenvectors {ipj) are complete inHi(Ii) as well as inH{Ii,Pi + 
l). 

Proof. It sufBcGS to prove the selfadjointness of the operators, since the state- 
ments about the eigenvalues can be proved by the same arguments as in case 
of Theorem 1121 

Again we only give a proof for the Hamiltonian Hi. 

(i) „Hi is closed." Let tpk G D{Hi) be a sequence such that 

(8.22) V-fc^V- A Hi^Pk-^X- 
We have to show that ip G D{Hi) and 

(8.23) Hiij - X 

in the distributional sense. 

First we observe that the ijjk are bounded in Hi {h ) ■ Hence, a subsequence, 
not relabelled, converges weakly in Tii{Ii) to some element V', which has to 
be identical to V', since 

(8.24) Hi{Ii)^H{IuPi + l)- 
Next let LP <E O^ih) ® Ho, then 

(8.25) (iJi^fc,^) = 
and 

(8.26) {HiiJk,v)^{x,^) 
while 

(8.27) ii'k.Hi^) ^ ii'.Hiv) = (Hi^J,^). 
Thus we conclude ip G D{Hi) and Hiil) = x- 

(ii) is selfadjoint." Let c > be such that 

(8.28) (7JiV,V'>+c(V» >co|K'f 
for some cq > 0. Then we shall prove that 

(8.29) R{Hi +cI)^H{IuPi + l) 

which will imply the selfadjointness of Hi. 

First we note that R{Hi + cl) is closed. Indeed, let 

(8.30) Hi^Jk + ci^k 

be a Cauchy sequence, then < const, because of (|8.28p . and thus, the 

ipk are also a Cauchy sequence in H{Ii,pi + 1); hence, the result in view of 

Second, we observe that R{Hi + cl) is dense in H{Ii,pi + 1), since it 
contains the eigenvectors (ipj) which are complete as we already proved. □ 
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For the Hamiltonians Hi we can solve the corresponding Schrodinger equa- 
tions. Again we shaU only consider the Hamiltonian Hi in detail. 

Any eigenvector ipQ of Hi defines a solution ip = ip{t, •) of the Schrodinger 
equation 

(8.31) ^ = -iHi^P 

at 

in H{Ii,pi + 1) by defining 

(8.32) V = e-''*^iVo = e-'*^^^Po. 

Even if -00 is not an eigenfunction, the right-hand side of the first equation 
in (|8.32p is a solution of the Schrodinger equation, if ipo S D{Hi). However, 
we emphasize that only eigenstates or superpositions of eigenstates of Hi 
are actual solutions of the original problem (|8.ip . cf. however Remark 111.11 
on page [Ml where wc argue that the „admissible" wave functions should be 
those belonging to Hi{Ii). 

9. The problem of time 

Since the wave functions in p.lOp on page [3] only depend on r and (p^ and 
not explicitly on any known time variable, it has been argued that the quan- 
tum cosmological universe is stationary without any time orientation or dy- 
namical development. However, in classical Friedman universes the variable 
r is a time function, at least in the weak sense, i.e., the level hypersurfaces 
Mp={r = p ~ const} are spacelike hypersurfaces and apart from the case 
when p is a singular valuc0 gradr = 0, Mp is then a maximal hypersurface, 
r is also a time function in the usual sense, i.e., its gradient is timelike. 

Hence, it seems natural to use r, or any invertible function of r, as a 
measure for time in quantum cosmological Friedman models. Misner |11| 
suggested to use 

(9.1) n = -log|M,.| = -nlogr, 

as a time function, where \Mr\ is the volume of Mr and the volume of Mi 
has been set to 1. 

The distinction between a big bang and a big crunch can then be defined 
by the sign of r: If the singularity is specified by r = 0, then it will lie in the 
past, if r > 0, and in the future, if r < 0. The time direction in quantum cos- 
mological Friedman models can be defined by increasing or decreasing values 
of r; switching from r to —r will change this time direction. Hence there will 
always exist two quantum cosmological Friedman models with opposite time 
direction, one with r > and the other with r < 0, but in both cases the 
singularity is supposed to be in the past. Another way to express opposite 
time directions would be to choose r > in both cases, but referring to the 
singularity r ~ as a past resp. future event. 



'Notice that by Sard's theorem the set of singular values has measure zero. 
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Using the selfadjoint Hamiltonians in Section [5] to formulate the Wheeler- 
DeWitt equation in the bounded and unbounded models, we have an al- 
ternate method to define time and a dynamical development of the wave 
functions. It is well-known in quantum theory that a selfadjoint operator H 
is the generator of a continuous one-parameter group of unitary transforma- 
tions U{t), 

(9.2) U{t) = e-'*", 

such that the dynamical development of a wave function ipo is given by the 
solution tp{t) of the Schrodinger equation (j8.3ip on page [28] with initial value 
tpo, cf. [ini Chapter 2.3]. Since only solutions of the Schrodinger equation 
that are also solutions of the Wheeler-DeWitt equation are physically rea- 
sonable, the initial value has to be either a pure eigenfunction or a finite 
superposition of eigcnfunctions. In the latter case this will lead to a non- 
trivial dynamic development of the initial state; a pure eigenstate, of course, 
remains stationary. 



10. Comparison with the classical Friedman solutions 

In this section we want to compare the solutions of the classical Friedman 
equation corresponding to the functional (|3.ip on page [TT] with the quantum 
solutions, where we are especially interested in the range of the scale factor 
r. 

We shall prove that in both approaches — classical and quantum theoreti- 
cal — there is a big bang singularity but that the range of r is just opposite of 
each, i.e., when r is classically bounded, it will be unbounded in the quantum 
cosmological setting and vice versa, if we consider only fixed values for the 
cosmological constant. 

However, we should bear in mind that in the quantum cosmological setting 
we always have to consider a sequence of cosmological constants, which tend 
to infinity in the bounded model and to zero in the unbounded one. If we 
include these sequences (Ai) into our comparison then it turns out that the 
only discrepancy occurs in case of the bounded quantum cosmological model, 
its classical counterparts will all have unbounded radii, cf. Theorem 110.31 
below, while the classical counterparts of the unbounded quantum model 
have a bounded radius for each yl^ < 0, but these radii tend to infinity, cf. 
Theorem [1021 

A classical solution has to satisfy the Friedman equation 

(10.1) Goo + A5oo = ^Too, 

which in our case looks like 



(10.2) 



i„(„ _ 1)^ + i„(„ _ i)|/'|2 _ Ae^f = ^pe^/, 
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where we used that the metric is expressed in the conformal time gauge r as 
in (j3.9p on page [T2l denoting 

(10.3) / = logr A = 
and 

(10.4) p=\\\^\\^e-'^f + V- 

notice that a dot or prime have the same meaning. 

Assuming without loss of generality 1/ = 0, since V = const acts like a 
cosmological constant, we conclude 

(10.5) pr^" = pe^"^ = Co = const > 0, 

cf. [HI Lemma 4.4], and we deduce further that the Friedman equation is 
equivalent to 

(10.6) l/f = -^coe-("-i)/ + ^^e^^ -k^D = D{f). 

nyn — 1) n[n — 1) 

The qualitative behaviour of a solution / depends on the fact if D vanishes 
for some values of / or if Z? > everywhere. 

From the definition of D we immediately conclude 

(10.7) yl < =^ D-'^{Q) ^ 0, 
while in case yl > there holds: 

10.1. Lemma. Let A>Q, then D > if k <0, and 

(10.8) a^jCi^ A " > ciK, ci ~ ci{n), 
implies D > if k > Q. 

Proof. Obviously, we only have to consider the case k > and yl > 0. Then 
D attains its infimum for finite /, or equivalcntly. setting 

(10.9) r = eN, 
for a unique ?' > satisfying 

(10.10) ^ = --^o.-" + -^ = 0, 
ar n n[n — 1) 

hence for 

(10.11) .(n-l)aMCo.^^ 
^ ' ^ 2A ' 
Evaluating D for that particular r we obtain 

(10.12) D = a2j4A'^2-^{n~\)-^ ~k, 

hence the result. □ 



QUANTUM COSMOLOGICAL MODELS 



31 



In order to solve the Friedman equation we first switch to the eigen time 
gauge t such that 

(10.13) dt^efdr. 
Defining then 

(10.14, f=| 

the Friedman equation takes the form 

(10.15) l/'p = De^^/ = j^e-^"f + j^A - Ke^^/ = £) = £)(/) 

with positive constants 7^, i ~ 1,2. 
We first consider the case yl < 0. 

10.2. Theorem. Let A < and k < 0, then there exists a > and 
f G C°°{I), where I = (—a, a), solving the initial value problem 

/' = I 

(10.16) \-D^,t>Q, 



/(O) = /o, 



where -D(/o) = 0. 

/ is an even function 



(10.17) fit) = /(-i) 
and 

(10.18) Um fit) = Um fit) = -00, 

t — > — a t — >a 

i.e., the Friedman universe has a big bang as well as a big crunch singularity 
and is time symmetric with respect to the unique maximal hypersurface Mq ~ 
{t = 0}. 

Moreover, if k < 0, then the estimates 

(10.19) - Ae^f" > -'-^^^k 
and 

(10.20) a>ci\A\-^-C2\A\-^, 

where Ci = Ci(n, k, cq) > 0, i = 1, 2, are valid, i.e., the maximal radius as well 
as the Lorentzian diameter of the universe will tend to infinity if A tends to 
zero. 



Proof. Define 
(10.21) 
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and assume for the moment that the initial value problem ()10.16p had already 
a smooth solution. Differentiating the differential equation in pO.f 6|1 with 
respect to i for t < we deduce 

(fo.22) /" = \b-^-b'f' = ^D' = - 



-2nf I ~ -2f 

71716 ■' + ne . 



The right-hand side is a smooth function, hence the initial value problem 

f " = if)' 

(10.23) 2 ' 

{/'(0),/(0)} = {0,/o}, 

has a smooth solution on a maximal open interval /. 

Because of the uniqueness of the solution we immediately conclude that / 
is even. 

Moreover, / also solves (|10.16p . To prove this claim it suffices to show 
that 

(10.24) \f'\''^b. 
Let 

(10.25) w = \f\'-D, 
then 

(10.26) w' = 2/7" - D'f f'{2f" - D') = 0, 
hence 

(10.27) w = const = w{0) = 0. 

Since / is even, the maximal interval is of the form / = (—a, a), and it 
remains to prove a < 00 and the other relations. 

„a < 00" Consider the interval < t < a. Then we conclude that for 
any < to < a there exists < eo < 71 such that 

(10.28) (71 - e2)e^2n/(to) ^ _ ke'^fM > q 

Since /' < and k < we deduce further that 

(10.29) D{f{t)) - e2e-2"/(*) > D{f{to)) - ege-2«/(*o) > 0, Vt > h 
and therefore 



0- 



(10.30) f'<-ene-"f yt>t 
Multiplying this inequality by e"^ and integrating we then obtain 

(10.31) i{e"^« - e"/(*°)} < -eo(t - to) 
and infer a < 00. 

■■ PO.lSp is valid." Since / is a finite interval and maximal we conclude 
that the right-hand side of p0.22p must become unbounded, if t tends to a 
or —a, hence the result. 

.. ()10.19p is valid." This claim follows immediately from (jl0.6p and the 
defining property of /o, namely, £'(/o) = 0. 
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„(Iini2ni) is valid." Since 
(10.32) D 



k, t ^ 0, 
oo, t ~ a. 



and K < 0; there exists < to < a be such that 

(10.33) 7ie-2"/(*«) ^ 

Moreover, D + ke~'^^ is monotonically increasing with respect to t, hence 
we infer 

(10.34) D<-ke-^f VO<t<to, 
and therefore 

(10.35) /' > 
from which we deduce by integrating 

(10.36) e^'-*"^ - > -{-K)ho, 
or equivalcntly 

(10.37) {-fi)ho>ef<'-ef'^^°\ 

The result then follows by taking the relations p0.19p and (|10.33p into 
account. □ 

Next, let us consider the case A > 0. 

10.3. Theorem. Let A > be so large that D > everywhere. Then the 
initial value problem 

3g. f = D'^= ilie-'-^ + 72/1 - ke~'f )K 

/(0) = ./o, 

has a smooth solution on a maximal open interval (a,oo) such that 

(10.39) lim/(t) = -(X) 

t — >a 

and 

(10.40) lim fit) = oo, 

t — 'OO 

i.e., the universe has a big bang but no big crunch singularity and its 
Lorentzian diameter is unbounded as well as its radial diameter. 



Proof. Let (a, b) be the maximal open interval in which the solution of pO.i 



exists. Looking at the minimum value of D in equation p0.12p we deduce 
that there exists eo > such that 

(10.41) f = D^ = Dse-/ > eoe""^, 
and hence 

(10.42) ^(e"^(°) -e"-^(*') > -eot Va < t < 0, 
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hence a G R. 

Obviously, there is a big bang singularity in t = a. 

„b = cx)" For any a < <o < ^ we infer 

(10.43) /' < const Vto < t < b, 
hence b = oo, since it is supposed to be is maximal. 

.. (|10.40P " Using (|10.41|) we conclude 

(10.44) i(e"^(*) - e"^(°)) > eot VO < t < oo, 

completing the proof. □ 

11. Concluding remarks 

11.1. Remark. In the previous sections we have shown that the Wheeler- 
DeWitt equation shouldn't be considered as a differential equation for a hy- 
perbolic differential operator with fixed coefficients but as an implicit eigen- 
value equation where the cosmological constant, or an algebraic manipulation 
of it, is supposed to assume the respective eigenvalues. Any eigenfunction 
or superposition of eigenfunctions is then also a solution of the Wheeler- 
DeWitt equation. Since the eigenfunctions are complete in the respective 
Hilbert spaces T-Ci{Ii), cf. Definition 18.11 on page [HI and also in the larger 
spaces TC{Ii,Pi + 1), cf. Definition 18.31 on page[26l it is justified to say that 
any vector -0 G Ti.i{Ii) is an admissible wave function for the corresponding 
model. We don't apply this attribute to elements merely belonging to the 
larger spaces, since only the functions in 'Hi{Ii) have finite expectation values 
with respect to the implicitly defined Hamiltonians. 

11.2. Remark. Finding a spectral resolution for the operator correspond- 
ing to the Whecler-DeWitt equation we had to prove that the implicitly 
defined Hamiltonians are not only selfadjoint but also have a pure point 
spectrum for otherwise the Wheeler-DeWitt equation wouldn't be satisfied. 
Under these circumstances only bounded models are possible for positive 
cosmological constants. 

Negative cosmological constants corresponding to infinitely many eigen- 
values, i.e., to large quantum numbers, are only possible if we consider an 
unbounded model with k < 0, because of the transformation in ()6.40p on 
page 1211 requiring Q < r < oo. 
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